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OUTLINE

• Problems. In effective mass approximation for electronic (hole) states
of spheroidal quantum dots under influence of the homogeneous electric
field the boundary-value problems are formulated in the framework of
Kantorovich and adiabatic methods.

• Methods. The different perturbation theory schemes are derived by
using sets of adiabatic basis functions given in analytical form.

• Results. Comparative analysis of eigenvalues and eigenfunctions of the
problem is presented based on both numerical and analytical methods.

• Applications Calculations of absorption coefficient of ensembles of
spheroidal quantum dots in the homogeneous electric fields.



Problem
Spectral and optical characteristics of models of bulk semiconductor and
low dimensional semiconductor nanostructures: quantum wells(QWs),
quantum wires(QWrs) and quantum dots(QDs)

from B.E.A. Saleh M.C. Teich,
Fundamentals of photonics (Wiley,
2007)
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Figure 1. AFM views of LPE grown InAsSbP unencapsulated QDs on InAs(1 0 0) substrate: (a) oblique S = 2 × 2 µm2, (b) oblique
S = 1 × 1 µm2, (c) oblique S = 500 × 500 nm2 and (d) plane.

heights from 0.7 to 25 nm and widths ranging from 20 to 80 nm.
Because the difference in lattice parameter is large enough the
growth process is consistent with the Stranski–Krastanov [7]
mechanism. However, we are unable to confirm the presence
of a wetting layer without a transmission electron microscopy
(TEM) study. The Gaussian distribution of the QDs amount
versus their average diameter calculated from the substrate
surface S = 4 µm2 is displayed in figure 2 showing the
optimum size of QDs to be at ∼50 nm.

Next, we use Fourier–transform infrared spectrometry
(FTIR–Nicolet/NEXUS) to investigate at room temperature
the transmission spectra of an unencapsulated InAsSbP QDs.
As a test sample, we use the same undoped InAs substrate
without QDs and islands. The results show the displacement
of absorption edge towards the long wavelength region from
λ = 3.44 µm (for InAs test sample) to λ = 3.85 µm (for InAs
with QDs).

We now perform SEM and energy dispersive x-rays anal-
ysis (SEM-EDXA–FEI Nova 600–Dual Beam) interconnected
with the focused ion beam (FIB) technique to study the
strain-induced InAsSbP-based islands, in particular their com-
position, elastic strength (lattice mismatch ratio) and shape
transformation. Interestingly enough, these islands primarily
grow into pyramids. Their shape is likely due to insufficient

Figure 2. Dependence of the InAsSbP QDs amount versus their
average diameter.

growth melt homogenization. In addition, the shapes of these
objects include not only pyramids but also truncated pyramids,
ellipsoidal and globe-shape objects (figures 3(a)–(e)).

First, we select three pyramids—‘large’, ‘middle’ and
‘small’ having bottoms length of 6 µm, 5 µm and 1 µm,

3

from K.M. Gambaryan et al J. Phys. D
41, 162004 (2008)

Application of Quantum dots:
High performance transistors and lasers
Quantum dot technology is one of the most promising candidates for use
in solid-state quantum computation.



Setting equations

investigations due to wide band gap and availability of

well elaborated growth techniques of various systems

incorporating such materials. As a result of natural

diffusion process during the growth of QDs, the corre-

spondently forming confinement potential is such that can

be easily approximated in most cases by a parabolic

potential. Also note, that for this approximation the Kohn

theorem is well generalized, this proves that such

approximation is correct, the experimental verification is

provided in Ref. [13]. However, the effective parabolic

potential may origin due to peculiarity of the QDs shape

[14]. Such realization is possible for strongly oblate

(or prolate) QDs shape. Besides, the rotational ellipsoids,

or spheroids, in contrary to spheres, are known to be

described by two parameters (short and large half-axes

instead of radius). In addition to that the external electric

and magnetic fields causing quantization are alternative

tools of control of the energy spectrum of QDs CC. The

strong external fields, at certain values of their intensities,

may have the same, or even stronger SQ effect on the

energy spectrum than the quantum dot’s shape variation.

Note, that the magnetic field affects the CC motion only

in transversal direction, in difference to the electrical

field. Therefore two fields directed in parallel open pos-

sibility for a broad manipulation of the CC characteristics

inside semiconductor SQ systems.

In particular in paper [15] the quantum effect of the

magnetic field inside the of the strongly prolate QD is

investigated. The effect of electrical field on the CC

energy spectrum inside the mentioned system has been

considered in paper [10]. However, the combined effect

of unidirectional electric and magnetic fields is not

considered yet.

Analysis of the optical absorption spectra of various

semiconductor structures represents a powerful tool for

obtaining numerous characteristics of these structures,

namely: forbidden gap widths, effective masses of elec-

trons and holes, their mobility, dielectric features, etc.

Many papers study these spectra by experiments and

analysis, both in massive and SQ semiconductor structures

(see e.g. [16–18]). SQ phenomenon strongly affects the

character of absorption. Indeed, presence of new SQ energy

levels makes possible to realize new inter-band transitions

widening the scope of applications of devices based on

such systems. Meanwhile existence of the external quan-

tizing fields often results in restructuring of the energy

levels, as well as creation of new selection rules during the

process of the light absorption. Therefore electronic states

and direct inter-band light absorption are considered below

for strongly oblate ellipsoidal quantum dots (SOEQD) and

strongly prolate ellipsoidal quantum dots (SPEQD) at

presence of unidirectional electric and magnetic fields; the

problem is considered for strong SQ regime.

Theory

SOEQD Case: Electronic States Inside the Strongly

Oblate Ellipsoidal Quantum Dot in the Presence

of Unidirectional Electric and Magnetic Fields

Let us to consider an impenetrable SOEQD located in

unidirectional electric and magnetic fields (see Fig. 1a).

The potential energy of a charged particle (electron, or

hole) in such structure has the following form:

UðX; Y; ZÞ ¼

0;
X2 þ Y2

a2
1
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c2
1
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where a1 and c1 are the short and long semiaxes of SPEQD,

respectively.

As is known, in the strong SQ regime, the energy of

Coulomb interaction between electron and hole can be

considered much smaller than the energy created by the

SOEQD walls. In the framework of such approximation,

one can neglect the electron–hole interaction energy. Thus,

the problem is reduced to analytical determination of the

energy separate expressions for electron and hole (as for

non-interacting particles). The quantum dot shape indicates

that particle motion along the Z-axis takes place faster than

in the normal direction, this also allows to utilize adiabatic

approximation. The system Hamiltonian under these

conditions has the following form:

H ¼ 1

2l
P~þ e

s
A~

� �
� eF~r~þ UðX; Y; ZÞ; ð2Þ

in which P~ is the particle momentum operator, A~ is the

vector potential of the magnetic field, F~ is the electrical

field intensity, r~ is the radius-vector, s is the light velocity

in vacuum, and e is the magnitude of electron charge.

Assuming the calibration of vector potential in cylindrical

coordinates to have a form Aq ¼ 0;Au ¼ 1
2

Hq;Az ¼ 0 , one

can express the system Hamiltonian as

x

z

y

F H b)a)

Fig. 1 (a) Strongly oblate ellipsoidal quantum dot. (b) Strongly

prolate ellipsoidal quantum dot
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In the effective mass approximation of the ~k·~p
theory the Schrödinger equation for the slow
varying envelope function Ψ(~r) ≡ Ψe(h)(~r)
of an impurity electron (e) or hole (h)
under the influence of a uniform magnetic
field ~H with vector-potential ~A = 1

2
~H × ~r

and electric field ~F in QD, QW, or QWr reads
as

{
1

2µ

(
~̂p−

q1

c
~A
)2

+ q1(~F · ~r) + Uconf (~r)−
q

κ|~r|
− E

}
Ψ(~r) = 0,

Here ~r is the radius-vector, |~r| =
√
x2 + y2 + z2,

q = q1q2e, where q1 = ±e and q2e are the Coulomb charges of the electron (hole)
and the impurity center, κ is the dc permittivity,
Uconf (~r) is infinite or finite (Woods-Saxon) well confinement potential
µ = βme is the effective mass of the electron or hole and reduced atomic units
(for example, in GaAs q = 1, κ = 13.18, βe = 0, 067, βh = βe/0.12),
ae = (κ/βe)aB = 102Å, Ee = (βe/κ2)Ry = 5.2 meV, ah = 15Å,
Eh = (βh/κ

2)Ry = 49 meV, γ = H/H∗0 , H
∗
0 = 6T, γF = F/F ∗0 ,

F0 = 133kV/cm).



Fast and slow variables for QD, QWr and QW models

Systems of cylindrical (z, ρ, ϕ) and spherical
(r, η = cos θ, ϕ) coordinates(at shift zc = 0):
(a) for QD, QWr and (a) for QD, QW and their
correspondence to fast xf and slow xs variables.
Comment. One can see that in cylindrical
coordinates: a) for QD, QWr xf = ρ, xs = z,
b) for QD, QW xf = z, xs = ρ, i.e. fast
and slow variables are changed places. In spherical
coordinates for QD, QW and QWr fast xf = η
and slow xs = r variables are the same.

CC SC
OSQD PSQD SQD

xf z ρ η
xs ρ z r
g1f 1 ρ 1
g2f 1 ρ 1− η2

g1s ρ 1 r2

g2s ρ 1 r2

g3s 1 1 r2



Close-coupling and Kantorovich (Adiabatic) methods

The Schrödinger equation reads as(
1

g3s(xs)
Ĥ2(xf ;xs)+Ĥ1(xs) + V̂fs(xf , xs)−2E

)
Ψ(xf , xs)=0,

Ĥ2=−
1

g1f(xf)

∂

∂xf
g2f(xf)

∂

∂xf
+V̂f(xf ;xs),

Ĥ1 = −
1

g1s(xs)

∂

∂xs
g2s(xs)

∂

∂xs
+V̂s(xs).

Ĥ2(xf ;xs) is the Hamiltonian of the fast subsystem,

Ĥ1(xs) is the Hamiltonian of the slow subsystem,

Vfs(xf , xs) is interaction potential.
The Kantorovich expansion of the desired solution of BVP:

Ψ(xf , xs) =
jmax∑
j=1

Φj(xf ;xs)χj(xs).



BVP for fast subsystem

The equation for the basis functions of the fast variable xf and the
potential curves, Ei(xs) continuously depend on the slow variable xs as
a parameter{

Ĥ2(xf ;xs)− Ei(xs)
}

Φi(xf ;xs) = 0,

The boundary conditions at xbf(xs), b = min,max

lim
xf→xb

f (xs)

(
Nf(xs)g2f(xs)

dΦj(xf ;xs)

dxf
+Df(xs)Φj(xf ;xs)

)
= 0.

The normalization condition

〈Φi|Φj〉=

xmax
f (xs)∫

xmin
f (xs)

Φi(xf ;xs)Φj(xf ;xs)g1f(xf)dxf =δij.



BVP for slow subsystem

The effective potential matrices of dimension jmax × jmax:

Uij(xs)=
1

g3s(xs)
Êi(xs)δij+

g2s(xs)

g1s(xs)
Wij(xs) + Vij(xs),

Vij(xs) =

xmax
f (xs)∫

xmin
f (xs)

Φi(xf ;xs)Vfs(xf , xs)Φj(xf ;xs)g1f(xf)dxf ,

Wij(xs) =

xmax
f (xs)∫

xmin
f (xs)

∂Φi(xf ;xs)

∂xs

∂Φj(xf ;xs)

∂xs
g1f(xf)dxf ,

Qij(xs) = −

xmax
f (xs)∫

xmin
f (xs)

Φi(xf ;xs)
∂Φj(xf ;xs)

∂xs
g1f(xf)dxf .



BVP for slow subsystem

The SDE for the slow subsystem (the adiabatic approximation is a
diagonal approximation for the set of ODEs)

Hχ(i)(xs) = 2Ei Iχ(i)(xs),

H=−
1

g1s(xs)
I
d

dxs
g2s(xs)

d

dxs
+V̂s(xs)I+U(xs)

+
g2s(xs)

g1s(xs)
Q(xs)

d

dxs
+

1

g1s(xs)

dg2s(xs)Q(z)

dxs
,

with the boundary conditions at xbs, b = min,max

lim
xs→xb

s

(
Nsg2s(xs)

dχ(xs)

dxs
+Dsχ(xs)

)
= 0.



Basis functions and effective potentials

For oblate spheroidal QDs (xf = z, xs = ρ) with impenetrable walls

Bi
(
xf ;xs

)
= Bσi

(
xf ;xs

)
=

√
a

c
√
a2 − x2

s

sin

(
πno

2

(
xf

c
√

1− x2
s/a

2
− 1

))
,

Ei(xs) = Eσi (xs) = Ei;0
a2

(a2 − x2
s)
, Ei;0 =

π2i2

4c2
, Uii(xs) = 0,

Uij(xs) = Uij;0(xs)

√
a2 − x2

s

a
, Uij;0(xs) =

8γF cij(−1 + (−1)i+j)

(i2 − j2)2π2
,

Hii(xs) = Hii;0(xs)
a2x2

s

(a2 − x2
s)

2
, Hii;0(xs) =

3 + π2i2

12a2
,

Hij(xs) = Hij;0(xs)
a2x2

s

(a2 − x2
s)

2
, Hij;0(xs) =

2ij(i2 + j2)(1 + (−1)i+j)

a2(i2 − j2)2
,

Qij(xs) = Qij;0(xs)
axs

a2 − x2
s

, Qij;0(xs) =
ij(1 + (−1)i+j)

a(i2 − j2)
, j 6= i.



The convergence of eigenenergy Et vs number jmax of basis
functions at γF = 0 .

Fast and slow variables xf = z and xs = ρ (oblate SQD and spherical QD), number
of nodes i = (nzo = no − 1, nρo), ∗ notes diagonal approximation at j = 2

jmax a = 2.5, c = 0.5 a = 2.5, c = 2.5
i (0,0) (0,1) (2,0) (0,0) (0,1) (2,0)
C 12.737 41 19.936 21 96.696 83∗ 1.468 496 5.445 665∗ 5.589 461
1 12.765 48 20.046 02 96.753 17∗ 1.590 238 5.766 612∗ 6.004 794
2 12.764 90 20.041 33 96.754 27 1.580 243 5.340 214 6.329 334
4 12.764 82 20.040 74 96.752 15 1.579 273 5.316 872 6.317 204
16 12.764 81 20.040 65 96.752 01 1.579 140 5.314 832 6.316 562
Exact 1.579 136 5.314 793 6.316 546

Fast and slow variables xf = ρ and xs = z (prolate SQD and spherical QD),
number of nodes i = (nρp, nzp), ∗ notes diagonal approximation at j = 2

jmax c = 2.5, a = 0.5 c = 2.5, a = 2.5
i (0,0) (0,2) (1,0) (0,0) (0,2) (1,0)
C 25.184 73 34.428 85 126.424 5∗ 1.493 612 5.131 784 5.898 668∗

1 25.201 74 34.530 30 126.456 5∗ 1.584 433 5.680 831 6.071 435∗

2 25.201 29 34.525 78 126.457 3 1.579 860 5.331 101 6.324 717
4 25.201 21 34.525 12 126.456 1 1.579 239 5.316 732 6.317 058
16 25.201 20 34.525 02 126.456 1 1.579 138 5.314 828 6.316 554
Exact 1.579 136 5.314 793 6.316 546



The Lennard-Jones perturbation theory1 in nondiagonal
adiabatic approximation

We expand the above effective potentials of the BVP for slow
subsystem in Taylor series in a vicinity of xs = 0:

Ei(xs) = Ei;0 +
kmax∑
k=1

Ei;0

τ2k
x2k
s , Uij(xs) = Uij;0 +

kmax∑
k=1

Ũij;k

τ2k
x2k
s ,

Hij(xs) =
kmax∑
k=1

k
Hij;0

τ2k
x2k
s , Qij(xs) =

kmax∑
k=1

Qij;0

τ2k−1
x2k−1
s ,

where Ũij;k = (2k−3)!!
(2k)!!

Uij;0 and parameter τ equals τ = a for OSQD,
and τ = c for PSQD.

1N. Mott and I. Sneddon, Wave Mechanics and its Applications (Clarendon,
Oxford, 1948).



The Lennard-Jones perturbation theory

It leads to the BVP for a set of ODEs of slow subsystem with respect to
the unknown vector functions χt(xs) = (χ1;t(xs), ..., χjmax;t(xs))

T

corresponded to unknown eigenvalues 2Et ≡ Et:D(0) + (Ei;0 − Et) + V̌s(xs) +

kmax∑
k=1

Ei;0 + kHii;0

τ2k
x2k
s

χi;t(xs)
+

jmax∑
j 6=i

kmax∑
k=1

(
Ũij;k

τ2k
x2k
s + k

Hij;0

τ2k
x2k
s + (2k− 1)

Qij;0

τ2k−1
x2k−2
s

+2
Qij;0

τ2k−1
x2k−1
s

d

dxs

)
χj;t(xs) = 0,



Unperturbed operator of 2D oscillator

For the OSQD (2D oscillator) with respect to the scaled slow variable

x: xs = ρ =
√
x/
√
Ef), where

Ef = (Ei′;0 +Hi′i′;0)/(4a2) = ω2
i′/4, i.e. adiabatic frequency, at

given i′ = no

L (n) = D(0) − E(0), D(0) = −
(
d

dx
x
d

dx
−
x

4
−
m2

4x

)
,

E(0) ≡ E(0)
n,m = n+ (|m|+ 1)/2,

Φ
(0)

q (x) =

√
q!x|m|/2 exp(−x/2)L|m|q (x)√

(q + |m|)!
,∫ ∞

0

Φ
(0)

q (x)Φ
(0)

q′ (x)dx = δqq′ .



Unperturbed operator of 2D oscillator

Therefore action of operators L(n) and x on function
Φ(0)
q (x) ≡ Φ(0)

q,m(x) is determined by recurrence relations

L(n)Φ(0)
q,m(x) = (q − n)Φ(0)

q,m(x),

xΦ(0)
q,m(x) = −

√
q + |m|√qΦ(0)

q−1,m(x) +

+(2q + |m|+ 1)Φ(0)
q,m(x)−

√
q + |m|+ 1

√
q + 1Φ(0)

q+1,m(x),

x
dΦ(0)

q,m(x)

dx
= −

√
q + |m|√qΦ(0)

q−1,m(x)/2

−Φ(0)
q,m(x)/2 +

√
q + |m|+ 1

√
q + 1Φ(0)

q+1,m(x)/2.



Expansion of solution by normalized basis functions

Eigenfunctions with respect to new scaled variable x are sought in the
form of expansion by normalized basis functions Φ(0)

q (x), q = 0, 1, ....
of the two or one dimensional oscillators with unknown coefficients bj,s:

χj;t(x) =
qmax∑
q=0

bj,q;tΦ(0)
q (x), bj,q<0;t = bj,q>qmax;t = 0. (1)

Substitution of expansion (1) leads to a set of equations
qmax∑
q=0

Âiibi,q;tΦ
(0)
q (x) +

jmax∑
j 6=i=1

qmax∑
q=0

Âijbj,q;tΦ
(0)
q (x) =

qmax∑
q=0

κ−2EtE−1/2
f bi,q;tΦ

(0)
q (x),

Âii =

D(0) + V̌s(x)E
−3/4
f + κ−2Ei;0E

−1/2
f + κ−2

kmax∑
k=1

Ei;0 + kHii;0

τ2kE
(k+1)/2
f

x2k

 ,
Âij = κ−2

kmax∑
k=1

 Ũij;k + kHij;0

τ2kE
(k+1)/2
f

x2k
s +

Qij;0

τ2k−1E
k/2
f

(
(2k− 1)x2k−2 + 2x2k−1 d

dx

) ,
where κ = 2 and V̌s(xs) = 0 for OSQD and κ = 1 and V̌s(x) = γFx for PSQD.



Algebraic eigenvalue problem

Applying above recurrence relations for action of a first derivative on
basis function, we get expressions for action of operators Âij :

ÂijΦ(0)
q (x) =

qmax∑
q′=0

αij;qq′Φ(0)
q′ (x)

and therefore, algebraic eigenvalue problem with respect to unknowns Et
and bj,q;t

qmax∑
q=0

αii;q′qbi,q;t +
jmax∑
j 6=i=1

qmax∑
q=0

αij;q′qbj,q;t = κ−2EtE−1/2
f bi,q;t.



Algebraic eigenvalue problem

In matrix form it reads as

ABt = κ−2EtE−1/2
f Bt, BTt′Bt = δtt′ ,

where Bt = (b1,0;t, b1,1;t, ..., b1,qmax;t, b2,0;t, ..., bjmax,qmax;t)T is
vector with dimension of jmax(qmax + 1) and A is positive defined
symmetric matrix with dimension of
(jmax(qmax + 1))× (jmax(qmax + 1)) with elements
A(qmax+1)(i−1)+q+1,(qmax+1)(j−1)+q′+1 = αij;qq′ .



Result

The convergence of eigenenergies Et of Eq. (2) vs order kmax of
approximation of effective potentials from (1) for jmax = 4 and
qmax = 60 basis functions at γF = 0. Fast and slow variables xf = ρ
and xs = z (prolate SQD and spherical QD), number of nodes
i = (nρp, nzp).
kmax c = 2.5, a = 0.5 c = 2.5, a = 2.5
i (0,0) (0,2) (1,0) (0,0) (0,2) (1,0)
8 25.179 14 34.076 77 126.445 9 1.471 911 4.270 174 5.614 892
12 25.199 62 34.468 84 126.456 0 1.536 121 4.716 984 6.188 144
20 25.201 16 34.522 02 126.456 1 1.563 492 5.182 198 6.266 533
N(4) 25.201 21 34.525 12 126.456 1 1.579 239 5.316 732 6.317 058

The same at γF = −10.
kmax c = 2.5, a = 0.5, γF = −10 c = 2.5, a = 2.5, γF = −10
i (0,0) (0,2) (1,0) (0,0) (0,2) (1,0)
8 20.221 65 30.913 36 125.306 2 -19.673 98 -5.378 707 -1.784 110
12 20.607 33 32.375 40 125.331 6 -15.348 50 -6.881 266 -2.605 091
20 20.658 46 32.674 45 125.332 2 -12.194 45 -2.204 160 -1.336 853
N(4) 20.6620̇3 32.708 77 125.332 2 -10.844 02 -1.511 063 1.129 039



Spectrum of electronic states of QDs vs electric field
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Dependence of eigenenergies E (in units of Ee) of lower part of spectrum of electronic
states of QDs at m = 0 on electric field strength γF (in units of F ∗0 ): for spherical
quantum dot (SQD) with radius a = c = 2.5, oblate and prolate spheroidal quantum
dots (OSQD and PSQD) at different minor semiaxis (for OSQD c = 0.5, 1, 1.5, 2,
a = 2.5, for PSQD c = 2.5, a = 0.5, 1, 1.5, 2).



Absorption coefficient of inter-band transitions in QDs

Absorption coefficient K/K0 consists of sum of the first partial
contributions vs the energy λ = λ1 of the optic interband transitions for
the Lifshits-Slezov distribution by using functions fh−eν,ν′ (u) for GaAs
(h→ e): (left panels) for assemble of OSQDs c̄ = 0.5, a = 2.5; (right
panels) for assemble of PSQDs ā = 0.5, c = 2.5 in presence of electric
field γF = 10 and γF = 1 (solid lines on lower panels) and without
electric field γF = 0 (Upper panels and dashed line on lower panels).



Conclusion

•Symbolic-numerical algorithms for solving the BVPs are developed and
elaborated in a problem-oriented complex of programs, now available via
the Computer Physics Communication Library.

• The revealed difference in the spectra and the absorption coefficients
allows verification of OSQD and PSQD models using the experimental
data, e.g., photo-absorption coefficient and conductivity, from which not
only the energy level spacing, but also the mean geometric dimensions of
QDs can be estimated.

• The adiabatic approximations implemented in the both numerical and
analytic forms can be applied also to treat a lower part of spectra of
models of deformed nuclei.

• The results are also important for the experimental study of low-energy
nuclear reactions of channeling ions in thin films and crystals by using
elaborated Symbolic-Numerical Algorithms and Programs.




