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Ïîñòàíîâêà çàäà÷è

Îñíîâíûå óðàâíåíèÿ

Ñ.Ì. Áåëîöåðêîâñêèé,
È.Ê. Ëèôàíîâ

∆u(x, t) = 0,x ∈ R \ Σ,(
∂u(x, t)
∂n

)±
= f ,x ∈ Σ,

íà ïåëåíå :

∂r(x, t)
∂t = w(x, t), x ∈ σ,(
∂w(x, t)
∂n

)+
=
(
∂w(x, t)
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)−
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∂ny

1
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UΣ[g](x) = f (x),x ∈ Σ.
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Ïîñòàíîâêà çàäà÷è

Àëãîðèòì ðåøåíèÿ çàäà÷è îáòåêàíèÿ òåë

Âû÷èñëåíèå ìàòðèöû â ëåâîé ÷àñòè

1
4π

n0∑
j=1

Γ0j

w

Ly

dly × (xi − y)
|xi − y|3 = f (xi), i = 1, . . .n0 (1)

è åå LU ðàçëîæåíèå. Òðåáóåò O(n3
0) (ïðè n0 = 104 <15 ìèí.).

Íà êàæäîì âðåìåííîì øàãå:
Ïðàâàÿ ÷àñòü (1) � O(n0 · nk−1) = O(t2

k n2) (5-20%T):

f (xi) = −ni ·
(

w∞ +
nk−1∑
j=1

Γjwj(xi(tk))
)
, i = 1, . . .n0. (2)

Âû÷èñëåíèå Γ0j , j = 1, . . .n0 � O(n2
0) (<10%T).

Íîâîå ïîëîæåíèå âèõðåâîé ïåëåíû:

w(xi , tk) = w∞(xi) +
nk∑

j=1
Γjwj(xi(tk)), i = 1, . . . ,mk ; (3)

xi(tk) = xi(tk−1) + w(xi , tk), i = 1, . . . ,mk . (4)

Îïåðàöèé O(t3
k n) è O(t2

k n) ñîîòâåòñòâåííî (65-90%T).
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Ïîñòàíîâêà çàäà÷è

Ìåòîäû óñêîðåíèÿ âû÷èñëåíèé

w(xi , tk) = w∞(xi) +
nk∑

j=1
Γjwj(xi(tk)), i = 1, . . . ,mk (3)

Òðåáóåòñÿ óñêîðåíèå âû÷èñëåíèÿ
ñóìì äëÿ ôóíêöèè wj(xi(tk)).
Èåðàðõè÷åñêèå ìåòîäû óñêîðåííîãî
âû÷èñëåíèÿ ñóììû, â òîì ÷èñëå:

ìóëüòèïîëüíûå ðàçëîæåíèÿ;

âåéâëåòû;

èíòåðïîëÿöèîííûå ìåòîäû.
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Ïîñòàíîâêà çàäà÷è

Ñæèìàåìàÿ ìàòðèöà

A = (aij),

aij = − 1
4π|x±j − xi |3

.

Âû÷èñëåíèå ñêîðîñòè ÷åðåç ìàòðèöó:

w(xi) = w∞(xi) + ci × xi + di ,

ci = (Aa)i , di = (Ab)i ,

aj = Γj lj , bj = aj × xj ,

lj = x+
j − x−j , xj =

x+
j − x−j

2 .
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Ìàòðè÷íûé áëîê

Âûäåëåíèå (ìàëîðàíãîâûõ) áëîêîâ äëÿ ðàçäåëåííûõ
îáëàñòåé.
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Èåðàðõè÷íîñòü ïîñòðîåíèÿ áëîêîâ
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Ìàëîðàíãîâûå àïïðîêñèìàöèè

Ìàëîðàíãîâûå áëîêè

Îäíîðàíãîâàÿ ìàòðèöà:

A =

 3 5 7
−3 −5 −7
6 10 14

 =

 1
−1
2

 · ( 3 5 7
)
.

Äëÿ ìàòðèöû A c size(A) = m × n ðàíãà r

A = UV T , size(U ) = m × r , size(V ) = n × r .

Õðàíèì òîëüêî r(m + n) (âìåñòî m · n) ýëåìåíòîâ è
âû÷èñëÿåì

y = UV T x

çà O(r(m + n)), âìåñòî O(m · n)!
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Ìàëîðàíãîâûå àïïðîêñèìàöèè

Âû÷èñëåíèå ìàëîðàíãîâûõ àïïðîêñèìàöèé

ñèíãóëÿðíîå ðàçëîæåíèå:

A = V ΣU T ,

ãäå V ,U � îðòîãîíàëüíûå ìàòðèöû, Σ � äèàãîíàëüíàÿ
ìàòðèöà ñ ñèíãóëÿðíûìè ÷èñëàìè;

èñïîëüçîâàíèå ïîäìàòðèöû ìàêñèìàëüíîãî îáúåìà

A = CA−1
2 R,

ãäå A2 � ïîäìàòðèöà ìàêñèìàëüíîãî îáúåìà, C �
ñòîëáöû, R� ñòðîêè, ñîîòâåòñòâóþùèå A2.

Goreinov S.A., Tyrtyshnikov E.E., Zamarashkin N.L. A theory

pseudo-skeleton approximations. // Linear Algebra Appl.

261:1-21, 1997.
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Ïðèìåíåíèå Tensor Train (TT) ôîðìàòà

TT-ôîðìàò

ai1i2...id =
r1∑

α1=1
· · ·

rd−1∑
αd−1=1

G1
i1α1G2

α1i2α2 . . .G
d
αd−1id ,

èëè

a(i1, i2, . . . , id) = G1(i1, α1)G2(α1, i2, α2) . . .Gd(αd−1, id),
ij = 1, . . . ,nj , j = 1, . . . , d,

d � ðàçìåðíîñòü ìàññèâà, nj � ðàçìåðíîñòü j ìîäû;
Gk(αk−1, ik , αk), k = 1, . . . , d � ÿäðà (òðåõèíäåêñíûå

ìàññèâû);
rk , k = 1, . . . , d − 1 � TT ðàíãè.

Oseledets I.V., Tyrtyshnikov E.E. TT-cross algorithm for the

approximation of multidimensional arrays. // Linear Algebra Appl.

432:1, pp.70-88, 2010.

https://github.com/oseledets/TT-Toolbox
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Ïðèìåíåíèå Tensor Train (TT) ôîðìàòà

Ïàðàìåòðèçàöèÿ

a(x,y) = 1
|x− y|3 .

Îáëàñòü ðàñ÷åòíûõ òî÷åê x:
[−0.5, 0.5]× [−0.5, 0.5]× [−0.5, 0.5]
Îáëàñòü èñòî÷íèêîâ y: R0 = 2.0,
R1 = R(ε)
Âíå îáëàñòè y

A = 1
|x− y0|3

· |x0 − y0|3

|x0 − y|3 .

Øàã ïî êîîðäèíàòàì x ðàâíîìåðíûé.
Ïî y ñôåðè÷åñêèå êîîðäèíàòû, øàã ïî ðàäèóñó:

h = R1− 3√1− ε
3√1− ε

.
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Ïðèìåíåíèå Tensor Train (TT) ôîðìàòà

Ïðèìåð TT ðàíãîâ

Òî÷íîñòü ε = 10−2.
×èñëî óçëîâ ïî ìîäàì x: n = 256 = 28; y: n = 2048 = 211,
R1 = 951.
Êâàíòèçàöèÿ (Quantic TT èëè QTT ôîðìàò):

ik =
di∑

m=1
(2m−1 − 1)Ψkm , k = 1, . . . di , di = 8,

jk =
dj∑

m=1
(2dj+1−m − 1)Ξkm , k = 1, . . . dj , dj = 11.

Mode 1 2 3 4 5 6 7 8 9

Rank 4 4 4 6 9 16 30 71 52

Mode 10 11 12 13 14 15 16 17 18

Rank 27 15 9 7 4 4 4 3 2

Âðåìÿ ðàñ÷åòà: < 5 ìèíóò, îáúåì � < 1 Ìá, O(dr2).
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Ïðèìåíåíèå Tensor Train (TT) ôîðìàòà

Àëãîðèòì èñïîëüçîâàíèÿ òåíçîðíîãî ïîåçäà

Äëÿ áëîêà ñ ðàçäåëåííûìè x è y ïðåîáðàçóåì
êîîðäèíàòû ê äàííûì â TT ôîðìàòå.

Îïðåäåëÿåì íàáîð ìóëüòèèíäåêñîâ (ψi1, . . . , ψidi ) äëÿ
xi, i = 1, . . . ,ni è (ξi1, . . . , ξidj ) äëÿ yi, i = 1, . . . ,nj .

Âû÷èñëÿåì ôàêòîðû ðàçëîæåíèÿ:

u(i, αdi ) = G1(ψi1, α1) . . .Gdi (αdi−1, ψidi , αdi ),
i = 1, . . . ,ni , αdi = 1, . . . , rdi

v(i, αdi ) = Gd(ξidj , αd) . . .Gdi+1(αdi+1, ξidi+1, αdi ),
i = 1, . . . ,nj , αdi = 1, . . . , rdi , d = di + dj .

Ó÷èòûâàÿ îäíîðîäíîñòü àïïðîêñèìèðóåìîé ôóíêöèè,
ïðåîáðàçóåì ôàêòîðû.

Äîæèìàåì ôàêòîðû ñ ïîìîùüþ SVD.

Áëîêè íå ðàçäåëåííûå ïî x è y âû÷èñëÿåì ÿâíî.
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×èñëåííûå ýêñïåðèìåíòû

Ðåçóëüòàòû ðàñ÷åòîâ

Ãåîìåòðèÿ
îáòåêàåìûõ
îáúåêòîâ.
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Ðåçóëüòàòû ðàñ÷åòîâ

Âèõðåâàÿ
ïåëåíà çà
îáúåêòàìè.
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×èñëåííûå ýêñïåðèìåíòû

Ðåçóëüòàòû ðàñ÷åòîâ

Çàâèñèìîñòü
âðåìåíè
âû÷èñëåíèÿ
T îò
íîìåðà
âðåìåííîãî
øàãà n.
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Ðåçóëüòàòû ðàñ÷åòîâ

Çàâèñèìîñòü
êîýôôèöè-
åíòà
óñêîðåíèÿ
âû÷èñëåíèé
k îò íîìåðà
âðåìåííîãî
øàãà n.
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Çàêëþ÷åíèå

Ñïàñèáî çà âíèìàíèå!
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